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Weprove that the q-Stancu–Faber polynomials, q > 1, attached to a compact setG ⊂ C and
to an analytic function onG, can represent good alternatives to the partial sums of the Faber
series attached to the same function and subset, both giving the geometric progression
order of approximation q−n.
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1. Introduction
It was first proved in [1] (see also [2] for the saturation result) that the error in the approximation of analytic functions in
compact disks of radius r ≥ 1 by the complex q-Bernstein polynomials of degree n, Bn,q(f )(z), for q > 1 is q−n. Moreover, in
another very recent paper, this approximation error q−n, q > 1, in compact disks was proved for the more general q-Stancu
polynomials in [3].
In Chapter 1, Section 1.1.2, pp. 19–25 of book [4], we introduced the so-called complex Bernstein–Faber polynomials
attached to a compact subset G ⊂ C and we studied their approximation properties.
The goal of the present paper is to extend the above-mentioned approximation results, to the approximation by the
more general q-Stancu–Faber polynomials (depending on two parameters 0 ≤ α ≤ γ ) attached to an analytic function on
a compact subset G of C. For q > 1 and G, a compact disk centered in origin, we recapture the upper estimate in [3], while
for G compact set and q = 1 we recapture the result in [4], pp. 19–20, Theorem 1.1.8.
The plan of the paper goes as follows. Section 2 contains some preliminaries on Faber polynomials and on q-Stancu–Faber
polynomials. Section 3 contains themain approximation result for the complex q-Stancu–Faber polynomials, while Section 4
presents some potential applications of the theoretical result in Section 3. Section 5 is a concluding remark.
2. Preliminaries and definitions
First, let us briefly recall some basic concepts on Faber polynomials and Faber expansions required in the next sections.
Throughout this paper, G ⊂ C will be considered as a compact set such that C˜ \ G is connected. Let A(G) be the
Banach space of all functions that are continuous on G and analytic in the interior of G endowed with the uniform norm
‖f ‖G = sup{|f (z)|; z ∈ G}. If we denote Dr = {z ∈ C; |z| < r} then according to the Riemann Mapping Theorem, a unique
conformal mapping Ψ of C˜ \ D1 onto C˜ \ G exists so that Ψ (∞) = ∞ and Ψ ′(∞) > 0. The nth Faber polynomial Fn(z)
attached to Gmay be defined by
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Ψ ′(w)
Ψ (w)− z =
∞−
n=0
Fn(z)
wn+1
, z ∈ G, |w| > 1.
Then Fn(z) is a polynomial of exact degree n.
If f ∈ A(G) then
an(f ) = 12π i
∫
|u|=1
f (Ψ (u))
un+1
du = 1
2π
∫ π
−π
f (Ψ (eit))e−intdt, n ∈ N ∪ {0} (1)
are called the Faber coefficients of f and
∑∞
n=0 an(f )Fn(z) is called the Faber expansion (series) attached to f on G. The Faber
series represents a natural generalization of the Taylor series,when the unit disk is replaced by an arbitrary simply connected
domain bounded by a ‘‘nice’’ curve.
For further properties of Faber polynomials and Faber expansions, see e.g. [5,6].
By using the Faber polynomials Fp(z), attached to the compact set G, for f ∈ A(G) let us introduce the following.
Definition 2.1. For 0 ≤ α ≤ γ and q ≥ 1, the q-Stancu–Faber polynomials attached to G and f are defined by the formula
S(α,γ )n,q (f ;G)(z) =
n−
p=0

n
p

q
[∆p1/([n]q+[γ ]q)F(a)]q · Fp(z), z ∈ G, n ∈ N,
where a = [α]q[n]q+[γ ]q , Fp(z) is the Faber polynomial of degree p attached to G in the Faber expansion of F ,
[∆phF(a)]q =
p−
k=0
(−1)kqk(k−1)/2
p
k

q
F(a+ [p− k]qh),
F(w) = 1
2π i
∫
|u|=1
f (Ψ (u))
u− w du =
1
2π
∫ π
−π
f (Ψ (eit))eit
eit − w dt, w ∈ [0, 1], (2)
and Ψ is the conformal mapping of C˜ \ D1 onto C˜ \ G.
If α = γ then since F(1) is involved in [∆n1/([n]q+[γ ]q)F(a)]q and therefore in the definition of S(α,γ )n,q (f ;G)(z) too, in
addition we will suppose that F can be extended by continuity on the boundary ∂D1. Note that if α < γ then this additional
assumption is not necessary.
Remarks. (1) In Definition 2.1, [n]q = qn−1q−1 , [α]q = q
α−1
q−1 , for q ≠ 1, α ≥ 0,
[n]q! = [1]q[2]q · . . . · [n]q and
n
k

q
= [n]q![k]q![n− k]q! .
(2) A sufficient condition for the continuity on ∂D1 of F in Definition 2.1 is, for example, that
 1
0
ωp(f ◦Ψ ;u)∂D1
u du < ∞ (see
e.g. [5], p. 52, Theorem 6). Here p ∈ N is arbitrary fixed.
(3) For G = D1, it is easy to see that the above q-Stancu–Faber polynomials reduce to the complex q-Stancu polynomials
introduced and studied in [3] and given by (see [3], Lemma 1)
B(α,γ )n,q (f )(z) =
n−
p=0

n
p

q
[∆p1/([n]q+[γ ]q)f (a)]qzp.
(4) Let α = γ = 0. Then, for q = 1 in Definition 2.1 we recapture the Bernstein–Faber polynomials introduced and studied
in book [4], pp. 19–25.
3. Main result and proof
The main result of this section one refers to the upper estimate in approximation by the q-Stancu–Faber polynomials,
q > 1, introduced by Definition 2.1 on compact sets.
A set G is called a continuum if it is a connected compact subset of C. The function f is called analytic in G, if there exists
R > 1 such that f is analytic in GR. Here GR denotes the interior of the closed level curve ΓR given by ΓR = {Ψ (w); |w| = R},
where Ψ is the conformal mapping defined in Section 2 (recall that G ⊂ GR).
Theorem 3.1. Let 1 < q < R, 0 ≤ α ≤ γ and suppose that f is analytic on the continuum G. Also, if α = γ then, in addition,
suppose that F given in Definition 2.1 can be extended by continuity on ∂D1.
For any 1 < r < Rq the following estimate in approximation by q-Stancu–Faber polynomials
|S(α,γ )n,q (f ;G)(z)− f (z)| ≤
C
qn
, for all z ∈ Gr , n ∈ N,
holds, where C > 0 depends on f , r , Gr , α, γ and q but is independent of n and z.
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Proof. First, we note that since G is a continuum then it follows that C˜ \ G is simply connected. By the proof of Theorem 2,
p. 52 in [6], for any fixed β satisfying 1 < q < β < R, we have f (z) =∑∞k=0 ak(f )Fk(z) uniformly in Gβ , where ak(f ) are the
Faber coefficients and are given by ak(f ) = 12π i

|u|=β
f (Ψ (u))
uk+1 du. Note here that from the definition of the mapping Ψ and of
the set Gβ , we immediately have that G ⊂ Gβ .
First, we will prove that
S(α,γ )n,q (f ;G)(z) =
∞−
k=0
ak(f )S(α,γ )n,q (Fk;G)(z), for all z ∈ G.
In this sense denote by fm(z) =∑mk=0 ak(f )Fk(z),m ∈ N the partial sum of orderm in the Faber expansion of f .
Since by the linearity of S(α,γ )n,q we easily get
S(α,γ )n,q (fm;G)(z) =
m−
k=0
ak(f )S(α,γ )n,q (Fk;G)(z), for all z ∈ G,
it suffices to prove that limm→∞ S
(α,γ )
n,q (fm;G)(z) = S(α,γ )n,q (f ;G)(z), for all z ∈ G and n ∈ N.
First, we have
S(α,γ )n,q (fm;G)(z) =
n−
p=0

n
p

q
[∆p1/([n]q+[γ ]q)Gm(a)]qFp(z),
where Gm(w) = 12π i

|u|=1
fm(Ψ (u))
u−w du, F(w) = 12π i

|u|=1
f (Ψ (u))
u−w du and a is given by Definition 2.1. Note here that since by [5],
p. 48, first relation before (6.17), we have
Fk(w) = 12π i
∫
|u|=1
Fk(Ψ (u))
u− w du = w
k, for all |w| < 1,
evidently thatFk(w) can be extended by continuity on ∂D1. This also immediately implies thatGm(w) = 12π i

|u|=1
fm(Ψ (u))
u−w du
can be extended by continuity on ∂D1, which means that S
(α,γ )
n,q (Fk;G)(z) and S(α,γ )n,q (fm;G)(z) are well defined, for all
0 ≤ α ≤ γ .
Now, taking into account the Cauchy theorem we also can write
Gm(w) = 12π i
∫
|u|=β
fm(Ψ (u))
u− w du and F(w) =
1
2π i
∫
|u|=β
f (Ψ (u))
u− w du.
For all n,m ∈ N and z ∈ G it follows
|S(α,γ )n,q (fm;G)(z)− S(α,γ )n,q (f ;G)(z)| ≤
n−
p=0

n
p

q
|[∆p1/([n]q+[γ ]q)(Gm − F)(a)]q| · |Fp(z)|
≤
n−
p=0

n
p

q
p−
j=0
qj(j−1)/2

p
j

q
|(Gm − F)(a+ [p− j]q/([n]q + [γ ]q))| · |Fp(z)|
≤
n−
p=0

n
p

q
p−
j=0
qj(j−1)/2

p
j

q
Cj,p,β,α,γ ‖fm − f ‖Gβ · |Fp(z)|
≤ Mn,p,β,Gβ ,q,α,γ ‖fm − f ‖Gβ ,
which by limm→∞ ‖fm−f ‖Gβ = 0 (see e.g. the proof of Theorem2, p. 52 in [6]) implies the desired conclusion. Here ‖fm−f ‖Gβ
denotes the uniform norm of fm − f on Gβ .
Consequently, we obtain
|S(α,γ )n,q (f ;G)(z)− f (z)| ≤
∞−
k=0
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)|
=
n−
k=0
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)| +
∞−
k=n+1
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)|.
Therefore, it remains to estimate |ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)|, first for all 0 ≤ k ≤ n and second for k ≥ n+ 1, where
S(α,γ )n,q (Fk;G)(z) =
n−
p=0

n
p

q
[∆p1/([n]q+[γ ]q)Fk(a)]q · Fp(z).
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It is useful to observe that by [5], p. 48, first relation before (6.17), combined with the Cauchy theorem, for any fixed
q < β < Rwe have
Fk(w) := 12π i
∫
|u|=β
Fk(Ψ (u))
u− w du = w
k = ek(w), for all |w| < β.
Denote
D(q)n,p,k(α, γ ) =

n
p

q
[∆p1/([n]q+[γ ]q)ek(a)]q.
By the proof of Lemma 1, p. 3765 in [3], we can write
D(q)n,p,k(α, γ ) =

1− [γ ]q[n]q + [γ ]q

. . .

1− [p− 1]q + [γ ]q[n]q + [γ ]q

· [[α]q/([n]q + [γ ]q), . . . , ([p]q + [α]q)/([n]q + [γ ]q); ek],
where [y0, y1, . . . , yp; ek] denotes the divided difference of ek(z) = zk on the points y0, . . . , yp.
It follows that
S(α,γ )n,q (Fk;G)(z) =
n−
p=0
D(q)n,p,k(α, γ ) · Fp(z).
Since each ek is convex of any order, by Lemma 2, p. 3765 in [3] it follows that all D
(q)
n,p,k(α, γ ) ≥ 0 and
∑n
p=0 D
(q)
n,p,k(α, γ ) =
(
[n]q+[α]q
[n]q+[γ ]q )
k ≤ 1, for all k and n.
Also, note that for all k ≥ 1
D(q)n,k,k(α, γ ) =

1− [γ ]q[n]q

. . .

1− [k− 1]q + [γ ]q[n]q

and that D(q)n,0,0(α, γ ) = 1.
In the estimation of |ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)|we distinguish two cases: (1) 0 ≤ k ≤ n; (2) k > n.
Case 1. Since D(q)n,0,0(α, γ ) = 1, we may suppose that 1 ≤ k ≤ n. We have
|S(α,γ )n,q (Fk;G)(z)− Fk(z)| ≤ |Fk(z)| · |1− D(q)n,k,k| +
k−1
p=0
D(q)n,p,k(α, γ ) · |Fp(z)|.
Fix now 1 < r < βq . By inequality (13), p. 44 in [6] we have
|Fp(z)| ≤ C(r)rp, for all z ∈ Gr , p ≥ 0,
which by the proof of Theorem 3, p. 3766 in [3] immediately implies
|S(α,γ )n,q (Fk;G)(z)− Fk(z)| ≤ 2C(r)[1− D(q)n,k,k]rk ≤ c(r)
k[k− 1]q + k[γ ]q
[n]q + [γ ]q r
k
≤ c(r) k(q
k + qγ )
(q− 1)([n]q + [γ ]q) r
k
= c(r) k(qr)
k
(q− 1)([n]q + [γ ]q) + c(r)q
γ kr
k
([n]q + [γ ]q)(q− 1)
≤ c(r, q, γ )k(qr)
k
[n]q ,
for all z ∈ Gr .
Also by the above formula for ak(f ) we easily obtain |ak(f )| ≤ C(β,f )βk , for all k ≥ 0. Note that C(r), c(r),
c(r, q, γ ), C(β, f ) > 0 are positive constants independent of k.
For all z ∈ Gr and k = 0, 1, 2, . . . , n, it follows
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)| ≤
C(r, β, f , q, γ )
[n]q k
[
qr
β
]k
,
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that is
n−
k=0
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)| ≤
C(r, β, f , q, γ )
[n]q
n−
k=1
kdk1, for all z ∈ Gr ,
where d1 = rqβ < 1.
Also, clearly we have
∑n
k=1 kd
k
1 ≤
∑∞
k=1 kd
k
1 <∞which finally implies that
n−
k=0
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)| ≤
C∗(r, β, f , q, γ )
[n]q ≤
qC∗(r, β, f , q, γ )
qn
.
Here we used the inequality 1[n]q ≤ qqn .
Case 2. We have
∞−
k=n+1
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)| ≤
∞−
k=n+1
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)| +
∞−
k=n+1
|ak(f )| · |Fk(z)|.
By the estimates mentioned in Case (1), we immediately get
∞−
k=n+1
|ak(f )| · |Fk(z)| ≤ C(r, β, f )
∞−
k=n+1
dk, for all z ∈ Gr ,
with d = r/β .
Also,
∞−
k=n+1
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)| =
∞−
k=n+1
|ak(f )| ·
 n−
p=0
D(q)n,p,k(α, γ ) · Fp(z)

≤
∞−
k=n+1
|ak(f )| ·
n−
p=0
D(q)n,p,k(α, γ ) · |Fp(z)|.
But for p ≤ n < k and taking into account the estimates obtained in Case (1) we get
|ak(f )| · |Fp(z)| ≤ C(r, β, f ) r
p
βk
≤ C(r, β, f ) r
k
βk
, for all z ∈ Gr ,
which therefore implies
∞−
k=n+1
|ak(f )| · |S(α,γ )n,q (Fk;G)(z)− Fk(z)| ≤ C(r, β, f )
∞−
k=n+1
n−
p=0
D(q)n,p,k(α, γ )
[
r
β
]k
+ C(r, β, f )
∞−
k=n+1
[
r
β
]k
≤ C(r, β, f , γ )
∞−
k=n+1
[
r
β
]k
= C(r, β, f , γ ) d
n+1
1− d
= rC(r, β, f , γ )
β − r · d
n ≤ rC(r, β, f , γ )
β − r ·
1
qn
,
with d = r
β
< 1q < 1.
In conclusion, collecting the estimates in Cases (1) and (2) we obtain
|S(α,γ )n,q (f ;G)(z)− f (z)| ≤
c1
qn
+ c2
qn
≤ C
qn
, z ∈ Gr , n ∈ N,
with the constants c1, c2, C > 0 depending on r, β, f , q, γ , but independent of n and z. This proves the theorem. 
Remarks. (1) For α < γ , the q-Stancu–Faber polynomials present the advantage that they do not require the additional
condition concerning the extension by continuity of F on the boundary ∂D1.
(2) Since for each r > 1 we clearly have G ⊂ Gr , obviously that the upper estimate in Theorem 3.1 holds on the compact
set G too.
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4. Applications
In this section we just summarize a list of potential applications of the result in Section 3 to several particular cases
of G, when the conformal mapping Ψ and the associated Faber polynomials Fn(z), can explicitly be obtained and so the
construction of q-Stancu–Faber polynomials is possible.
Application 4.1. For G = Dr with r > 1, it is well known that Ψ (z) = z, F(z) = f (z), Fp(z) = zp (see e.g. [7], p. 36) and
therefore S(α,γ )n,q (f ;G)(z) become the classical q-Stancu polynomials, while Theorem 3.1 becomes the upper approximation
estimate in paper [3].
Application 4.2. Suppose now G = [−1, 1]. It is well known that Ψ (w) = 12

w + 1
w

(see e.g. [8], p. 42), Fp(z) =
2 cos[p · arccos z] (see e.g. [9], p. 307). In this case, by the formulas cos(t) = eit+e−it2 , cot(t) = cos tsin t , we get
F(w) = 1
2π
∫ π
−π
f (cos t) · e
it
eit − w dt =
1
2π
∫ π
−π
f (cos t) · 1− w cos t
1− 2w cos t + w2 dt
− wi
2π
∫ π
−π
f (cos t) · sin t
1− 2w cos t + w2 dt, w ∈ [0, 1),
F(1) = 1
4π
∫ π
−π
f (cos t)dt − i
4π
∫ π
−π
f (cos t) cot(t/2)dt,
and S(α,γ )n,q (f ; [−1, 1])(z) given by Definition 2.1, could be called q-Stancu–Chebyshev polynomials.
Note that above we have− i4π
 π
−π f (cos t) cot(t/2)dt = i2 g˜(0) with g(t) = f (cos t), where g˜ is the so-called conjugate
of the 2π-periodic function g , defined by (see e.g. [7], p. 21)
g˜(x) = − 1
2π
∫ π
−π
g(x+ t) cot(t/2)dt,
with the singular integral (at t = 0) considered in the sense of a principal value. Therefore, we can write
F(1) = 1
4π
∫ π
−π
f (cos t)dt + i
2
f (cos)(0)
and if f is analytic in an open set containing [−1, 1] (for example in an ellipse with foci at−1 and (1), then by e.g. Theorem
5.2 in [7], p. 21, f (cos)(x) is well defined (finite) at any x ∈ R, which implies that F(1) is well defined.
Note that in order to exist F(1), the analyticity of f can be replaced with the condition that f is continuous differentiable
on R and that f (1) = 0. Indeed, by the L’Hospital rule in this case it is easy to see that the function f (cos t) cot(t/2) can be
extended by continuity at the singular point t = 0.
In conclusion, from Theorem 3.1 it follows that the approximation order by the q-Stancu–Chebyshev polynomials
S
(α,γ )
n,q (f ;G)(z), in any disk G containing [−1, 1], is q−n.
Application 4.3. Let G be them-cusped hypocycloid Hm,m = 2, 3, . . . , given by the parametric equation
z = eiθ + 1
m− 1e
−(m−1)iθ , θ ∈ [0, 2π).
It is known that the conformal mapping is given by Ψ (w) = w + 1
(m−1)wm−1 (see e.g. [10], Proposition 2.1) and that the
associated Faber polynomials can be explicitly calculated (see e.g. [10], Proposition 2.3 and [11]). Without entering into
details, in this case for the construction of the q-Stancu–Faber polynomials one relies on the calculation of the integrals
in (2).
Application 4.4. Other concrete cases of sets G when the Faber polynomials can be explicitly calculated and we could
construct the q-Stancu–Faber polynomials, are the following:
(a) G is the regularm-star (m = 2, 3, . . . ,) given by
Sm = {xωk; 0 ≤ x ≤ 41/m, k = 0, 1, . . . ,m− 1, ωm = 1},
Ψ (w) = w(1 + 1
wm )
2/m (see e.g. [12], p. 395) and the Faber polynomials can explicitly be calculated as in e.g. [13],
p. 279;
(b) G is them-leafed symmetric lemniscate,m = 2, 3, . . . ,with its boundary given by
Lm = {z ∈ C; |zm − 1| = 1},
Ψ (w) = w(1+ 1
wm )
1/m and the corresponding Faber polynomials can explicitly be calculated as in e.g. [14];
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(c) G is the semidisk
SD = {z ∈ C; |z| ≤ 1 and |Arg(z)| ≤ π/2},
Ψ (w) = 2(w3−1)+3(w2−w)+2(w2+w+1)3/2
w(w+1)√3 (see formula (10), p. 235 in [15]) and the attached Faber polynomials can be
calculated as in [15];
(d) G is a circular lune (see e.g. [16]) or G is an annulus sector (see e.g. [17]), cases when the conformal mapping Ψ and the
Faber polynomials can explicitly be calculated.
5. Concluding remark
With the notations in Sections 2 and 3, denoting the partial sum of order n of the Faber expansion by Pn(f ;G)(z) =∑n
k=0 ak(f )Fk(z), one sees that the coefficients ak(f ) are calculated by the integrals in (1), while the construction of the
q-Stancu–Faber polynomials, S(α,γ )n,q (f ;G)(z), are mainly based on the calculation of the integrals in (2).
Therefore, based on the concrete examples in Section 4 too, we can conclude that for q > 1, the approximation by
the q-Stancu–Faber polynomials attached to a function defined on a compact subset of the complex plane and given by
Definition 2.1, can represent a good alternative to the approximation by the partial sums of the Faber series attached to the
same function and subset, both giving a geometric progression order of approximation.
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